Lowest positive almost central elements of U q (sl (1) (n|n)) (n ≥ 2), U q (sl (2) (2n|2n)) (n ≥ 2) and U q (sl (4) (2n + 1|2n + 1)) (n ≥ 1) and their multi-parameter quantum affine superalgebras
Introduction
Let m, n ∈ N. Let ℑ m|n := {k ∈ Z|1 ≤ k ≤ m + n}, ℑ ′ m|n := {k ∈ Z|1 ≤ k ≤ m} and ℑ ′′ m|n := {k ∈ Z|m + 1 ≤ k ≤ m + n}. Denote by M m+n (C) the associative C-algebra formed by all the (m + n) × (m + n)-matrices over C. For i, j ∈ ℑ m|n , let e ij ∈ M m+n (C) denote the (i, j)-matrix unit, so {e ij |i, j ∈ ℑ m|n } is the C-basis of M m+n (C) with e ij e kl = δ jk e il , where δ jk denotes the Kronecker's delta. The Lie superalgebra gl(m|n) is such that it is an (m + n)
2 -dimensional C-linear space identified with M m+n (C), its even (resp. odd) part gl(m|n)(0) (resp. gl(m|n)(1)) is its m 2 + n 2 -dimensional (resp. 2mn-dimensional) subspace with the C-basis {e ij |(i, j) ∈ (ℑ st Y X (X ∈ gl(m|n)(s), Y ∈ gl(m|n)(t)). The Lie superalgebra sl(m|n) is the sub-Lie superalgebra of gl(m|n) with the C-basis {e ij |i, j ∈ ℑ m|n , i = j} ∪ {e ii − (−1)
δ im e i+1i+1 |i ∈ ℑ m|n \ {m + n}}.
Let I m|n := m i=1 e ii + m n m+n j=m+1 e jj ∈ sl(m|n). Here assume m = n. Since I n|n is the unit matrix, CI n|n is an one dimensional ideal of sl(n|n). Let sl (1) (n|n) := sl(n|n) ⊗ C[t,
be the affine-type Lie superalgebra of sl(n|n). Let Z (1) k := I n|n ⊗ t k ∈ sl (1) (n|n) (k ∈ Z). Then
k is an ideal of sl (1) (n|n). We have: (1.1) (i) [X ⊗ t r , Z
k ] = 0 (X ∈ sl(n|n), r ∈ Z), [c, Z
k ] = kZ
(ii) [Z (1) k , Z (1) s ] = 0 for k, s ∈ Z.
We inspire that the equations of (1.1) would become applied to discover important unknown theories of physics or mathematics.
Let Z 
4k−2 for k ∈ Z. If n ≥ 2 (resp. n ≥ 3), we have the twisted affine-type Lie superalgebra sl (2) (n|n) (resp, sl (4) (n|n)), which can be realized as a sub-Lie superalgebra of sl (1) (n|n). Then
is an ideal of sl (τ ) (n|n) for τ ∈ {1, 2, 4}. In this paper, we explicitly give an element (3.5) of U q (sl (τ ) (n|n)) (τ ∈ {1, 2, 4})
or their multi-parameter version corresponding to Z (τ ) 1
(i.e., only for k = 1), and we show that it satisfies equations (3.6) similar to those of (i) of (1.1).
As for the elements of U q (sl (τ ) (n|n)) (τ ∈ {1, 2, 4}) corresponding to Z
k for all k ∈ Z, they have already been given by [5] for τ = 1, and their existence for τ ∈ {1, 2, 4} has been shown by [3] . (m, n), A (2) (m, n), A (4) (m, n) For x, y ∈ R, let J x,y := {n ∈ Z|x ≤ n ≤ y} and J x,∞ := {n ∈ Z|x ≤ n}.
Let K be a field of characteristic 0. Assume that there exists an element √ −1 of K such that √ −1 2 = −1. Let a be a K-linear space. Suppose that a is a direct sum of its subspaces a(0) and a(1), so a = a(0) ⊕ a(1). Let a(2n) := a(0) and a(2n
For a Lie superalgebra a, let U(a) denote the universal enveloping superalgebra of a. Let n ∈ N. Letṕ : J 1,n → J 0,1 be a map. Let n a := |ṕ −1 (a)|, so n = n 0 + n 1 . Assume n 0 ≥ 1 and n 1 ≥ 1. Let glṕ be an n 2 -dimensional K-linear space with a basis {e ij |i, j ∈ J 1,n }. We regard glṕ as the Lie superalgera by
Note that [X, Y ] = XY − (−1) ab Y X holds for X ∈ glṕ(a) and Y ∈ glṕ(b), where XY and Y X means the matrix-multiplication. Define the K-linear map strṕ : glṕ → K by strṕ(e ij ) := δ ij (−1)ṕ (i) . Then strṕ is a Lie superalgebra homomorphism. Let slṕ := ker strṕ. Then slṕ is a sub-Lie superalgebra of glṕ. Note that glṕ and slṕ are isomorphic to glṕ′ and slṕ′ for a mapṕ
The elements of (2.1) generate slṕ as a Lie superalgebra. It is well-known (see [4] ) that as a Lie superalgebra, slṕ is presented by the generators (2.1) and the relations (2.2).
The Lie superalgebras glṕ and slṕ are denoted by gl(n 0 |n 1 ) and sl(n 0 |n 1 ) respectively. If n 0 = n 1 , sl(n 0 |n 1 ) is also denoted by A(n 0 −1, n 1 −1). Let I := n i=1 e ii , so I is the unit matrix. Note that I ∈ slṕ if and only if n 0 = n 1 , and, if this is the case, we have the Lie supleralgebra slṕ/KI, which is denoted by A(n 0 − 1, n 1 − 1). To emphasisṕ, we also denote A(n 0 − 1, n 1 − 1) by Aṕ, that is, we mean Aṕ to be slṕ (resp. slṕ/KI) if n 0 = n 1 (resp. n 0 = n 1 ). Define the Lie superalgebra isomorphism (resp. eimomorphism)π : slṕ → Aṕ byπ(X) := X (resp. X + KI) for X ∈ slṕ if n 0 = n 1 (resp. n 0 = n 1 ).
Note that strṕ(Y X) = (−1) ab strṕ(XY ) holds for X ∈ glṕ(a) and Y ∈ glṕ(b). Then we see that
We define the Lie superalgera gl 
where X, Y ∈ glṕ and x, y ∈ Z. Define the Lie superalgebras sl (1)
p is a sub-Lie superalgebra of gl (1) p and we have the Lie superalgebra homomorphismπ (1) : sl
. We also denote gl
p by gl
2
). Then we can define the Lie superalgebra automorphism ϕṕ : glṕ → glṕ by
We have ϕ 2 p = id glṕ , ϕṕ(slṕ) = slṕ, ϕṕ(I) = −I. Then we have a sub-Lie superalgebra gl (2) p of gl
Let sl (2) p := sl
p ). We also denote gl
p by gl (2) 
). Then we can define the Lie superalgebra automorphism ψṕ : glṕ → glṕ by
We have
Then we have a sub-Lie superalgebra gl (4) p of gl
Let sl (4) p := sl
The Lie superagerbas sl
We use the notation as follows. As defined below, we will let the meaning of the symbol n be different than that used above.
From now on until end of this paper,
= N (resp. 2N, resp. 2N + 2) if τ = 1 (resp. 2, resp. 4), and let M := N 2 (resp. N, resp. N + 1) if τ = 1 (resp. 2, resp. 4).
Define the mapp : J 1,N ′ → J 0,1 byp(i) := 0 (i ∈ J 1,n (resp. J 1,n ∪ J 3n+1,4n , resp. J n+2,3n+2 )) andp(j) := 1 (j ∈ J n+1,N (resp. J n+1,3n , resp. J 1,n+1 ∪ J 3n+3,4n+2 )). Then we have sl
p as follows.
Let V be an (N +2)-dimensional R-linear space with a basis {ε i |i ∈ J 1,N }∪{δ, ∂}.
. Then the equations of (2.3) are the defining relations of sl
Let n (τ,0) , (resp. n (τ,+) ), (resp. n (τ,−) ) be the sub-Lie superalgebra of sl
as a K-linear space, and the defining relations of n (τ,0) , n (τ,+) , n (τ,−) for the above generators are those of (2.3) respectively.
Dynkin diagrams of sl
(τ = 1, sl
Keep the notation of Subsection 2.2. Let
× be the map with the same equations as in (3.1) and the equationŝ χ(α i , α j ) = q (α i ,α j ) (i, j ∈ I, i = j). LetŨ χ be the associative K-algebra (with 1) defined by the generatorsK a , L a (a ∈V ),Ẽ i ,F i (i ∈ I), and the relations:
We see thatŨ χ is the Hopf algebra (Ũ χ , ∆, S, ǫ) with
LetŨ 0 χ (resp.Ũ + χ , resp.Ũ − χ ) be the K-subalgebra ofŨ χ generated by the elementsK a ,L a (a ∈V ) (resp. 1,Ẽ i (i ∈ I), resp. 1,F i (i ∈ I)). Then the elementsK aLb (a, b ∈V ) form a K-basis ofŨ
Remark 3.1. Let X = (X, ∆ X , S X , ǫ X ) be a K-Hopf algebra. Assume that X = X(0) ⊕ X(1) as a K-linear space. For t ∈ Z \ J 0,1 with t = 2t 1 + t 2 for some t 1 ∈ Z and t 2 ∈ J 0,1 , let X(t) := X(t 2 ). Assume that X(s)X(t) ⊂ X(s + t) (s, t ∈ Z) and ∆ X (X(t)) ⊂ X(0) ⊗ X(t) + X(1) ⊗ X(t − 1) (t ∈ Z). Then we define a K-Hopf algebra X σ = (X σ , ∆ X σ , S X σ , ǫ X σ ) with the following conditions (1) and (2) . (1) X σ contains X as a K-Hopf subalgebra. (2) There exists σ ∈ X σ so that
. Let U σ χ be the one defined for the direct sum [6] ) Assume that q to be transcendental over Q. Assume that χ(α i , α j ) = q (α i ,α j ) for all i, j ∈ I with i = j. Then for each λ ∈V ′,+ , dim(U + χ ) λ equals the dimension of the weight space
be the ideal of the K-algebraŨ + χ generated by the following elements:
Then we can seeĨ
and
Vector representation of U ♮ χ
Keep the notation of Subsection 2.2. We denote by M N ′ (K) the K-algebra such that it is glp as a K-linear space and its multiplication is defined by e ij e kl = δ jl e ij (i, j, k, l ∈ J 1,N ′ ). Let
(3.4) Assume that χ(α i ,δ) = 1 (resp. χ(α i , 2δ) = 1) for all i ∈ I if τ ∈ {1, 2} (resp. τ = 4).
Then there exists a K-algebra homomorphism Ψ :
Proof. This can be proved directly. . Let s := 1 (resp. s := 2) if τ ∈ {1, 2} (resp. τ := 4). Let
Then we have our main theorem:
Proof. The claims can be obtained directly by using calculation formulas similar to those given in [4] and [5] .
Calculations needed for the proof of Theorem 3.4 are almost the same as those of [4, §6] . Here we explain it by using an example. Assume τ = 2. From Subsection 2.2, we have assumed n ≥ 2 and we have defined N = 2n. As similar equations to [4, (4.4.1), (4.4.2)], for λ t ∈V and X t ∈ (U ♮ χ ) λt , (t ∈ J 1,3 ), we have (3.7)-(3.9) below.
For i, j ∈ J 1,N with i < j, define the two elements E
Using (3.7), (3.8) and equations similar to those of [4, Lemma 6.1.1], we can see (3.10) [
By (3.7)-(3.10), we have
for i ∈ J 0,n−1 . Using these equations, we have [[Z ♮ , E
♮ i ]] = 0 for (3.6). By an argument similar to that for (3.11) and an argument similar to that of [5, §6.9-6.11], we see that for 'most' k and i, lettimg Y be A
Assume that (τ, M) = (1, 2) (see Subsection 2.2 for notation). Assume q to be transcendental over Q. Assume that for i, j ∈ I with i < j, there exists n ij ∈ Z with χ(α i , α j ) = q n ij . Assume that the condition (3.4) is fulfilled. 1 ))) as a K-algebra. If (τ, M) = (1, 2), we have a natural epimorphism from U ♮,♯ χ to U q (sl (τ ) (M|M)), but its kernel must be very big (see also Remark 3.7).
Remark 3.7. Let a := sl (τ ) (M|M) with (τ, M) ∈ {(1, 1), (1, 2), (2, 2)}. Let b be the sub-Lie superalgebra of a generated by its Chevalley generatorsh i ,ē i ,f i (i ∈ I). Assume (τ, M) ∈ {(1, 1), (2, 2)}. Then dim b < ∞, i.e., b is a proper sub-Lie superalgebra a. Thus we can not define U q (a) in the Drinfeld-Jimbo's way. We can define it in a way of RLL = LLR. Assume (τ, M) = (1, 2). Then
